In this paper, we characterize the maximum convex sets of any connected graph having extreme vertices and give its forcing convexity number. Also, we characterize the forcing subsets in the corona of two connected graphs and then determine the corresponding forcing convexity numbers of these graph.
Introduction
Let G = (V (G) , E (G)) be a simple connected graph and let u, v be any two vertices in V (G), the distance d G (u, v) is the length of a shortest path connecting u and v. Any u − v path of length equal to d G (u, v) is called a u − v geodesic. The set I G [u, v] denotes the closed interval consisting of u, v and all vertices lying on some u − v geodesic in G. For a set S of vertices of G, the closure of S is the set I G [S] = ∪ u,v∈G I G [u, v] . A subset C of V (G) is convex if I G [u, v] ⊆ C for every pair of vertices u, v ∈ C. The convexity number con (G) of G is the maximum cardinality of a proper convex set of G. A convex set S of G with |S| = con (G) is called a maximum convex set of G.
A subset T of a maximum convex set S of G is called a forcing subset for S if S is the unique maximum convex set containing T . The forcing convexity number f con (S) of a maximum convex set S, is the minimum cardinality of a forcing subset for S. The forcing convexity number f con (G) of G is the minimum forcing convexity number among all maximum convex sets of G. Now, for a connected graph G of order n ≥ 3, the anti-convexity number of G, denoted by acon (G), is the minimum number of vertices of G belongs to no maximum convex set of G. A vertex v of a connected graph G is an extreme or complete vertex if
induces a complete graph. The set of all extreme vertices will be denoted by Ext (G).
Results
The corona of two graphs G and H, denoted by G • H, is the graph obtained by taking one copy of G of order n and n copies of H, and then joining the ith vertex of G to every vertex in the ith copy of H.
The following result is found in [5] .
Theorem 2.1 [5] Let G be a non-complete connected graph of order n ≥ 3. Then con (G) = n − 1 if and only ig G contains a complete vertex.
To determine the forcing convexity number of a connected graph with kcomplete vertices, we need the following lemma. Lemma 2.2 Let G be a connected graph of order n with Ext (G) = ∅, where Ext (G) is the set of all extreme vertices of G. Then S is a maximum convex set of G if and only if there exists a vertex u ∈ Ext (G) such that
Proof : Suppose S is a maximum convex set of G. Then by theorem 2.1,
This implies that [v, u, w] is a v −w geodesic. Since v, w ∈ S and S is convex, u ∈ S. This is a contradiction. Therefore,
is an x − y geodesic, where x 1 = x, y = x k , and u = x r for 1 < r < k. It follows that
. This implies that P (x, y) is not a geodesic, contrary to our assumption. Thus, S is convex in G. Since |S| = n − 1, it follows that S is a maximum convex set.
The next result generalizes some results of Chartrand and Zhang in [5] .
Proof : Let G be a connected graph with k-complete vertices. Let S be a maximum convex set of G. Then there exists a vertex u ∈ Ext (G) such that S = V (G) − {u}, by lemma 2.2. If k = 1, then S is the unique maximum convex set of G. Hence, f con (S) = 0. Thus, f con (G) = 0. So, suppose k ≥ 2 and T ⊆ S. If there exists an extreme vertex v, where v = u, that is not in T , then T ⊆ S = V (G)−{v}. Hence, T is not a forcing subset for S. This implies that T ⊆ S is a forcing subset for
Corollary 2.4 Let K n be the complete graph of order n ≥ 1. Then
Corollary 2.5 If T n is the tree of order n ≥ 1 with k-end vertices, then
We first state and prove our key lemma in order to prove the first main result.
Lemma 2.6 Let G and H be connected graphs of order n ≥ 2 and m, respectively. Then
Proof : Let G and H be connected graphs with V (G) = {u 1 , u 2 , . . . , u n } and H u 1 , H u 2 , . . . , H un the corresponding copies of H. Clearly, every vertex u i of G is not an extreme vertex of
Theorem 2.7 Let G and H be connected graphs with Ext (H) = ∅ and the order of G is n. Then
Proof : Consider the following cases: Case 1: Suppose G = K 1 and H is any connected graph. By lemma 2.6
By theorem 2.3,
Case 2: Suppose G = K 1 and H be any noncomplete graph. Then G • H = K 1 + H. Hence, by lemma 2.6,
The next goal is to determine f con (G • H) where H has no extreme vertex. To attain our goal we need to define the anti-convexity number of a graph that is already defined in [5] . 
Hence, there exists no maximum convex set S * b = S b such that T b is contained in the maximum convex set
Next, let a = b. Then for any maximum convex set S a of H a , A a is not a subset of S a . Thus, for any maximum convex set
Since a was arbitrary chosen, it follows that T b is not contained in any other maximum convex set of G • H. This shows that T b is a forcing subset of C b . Conversely, suppose T b is a forcing subset of C b . Clearly,
where
is not a forcing subset of S b , then there exists a maximum convex set S * b of H b , where
hence T b is not a forcing subset of C b , contrary to the assumption. Thus, F b is a forcing subset of S b . Now suppose there exists a = b such that A a is not an anti-convex set. Then A a ⊆ S a for some maximum convex set S a of H a . Since F b ⊆ V H b , it follows that T b is contained in the maximum convex set C a of G • H. This shows that T b is not a forcing subset of C b . Again, this contradicts our assumption. Therefore, A a is an anti-convex set of H a for each a = b.
We are now ready to state and prove the main result of this paper.
Theorem 2.11 Let G and H be connected graphs with |V (G)| = n. Then f con (G • H) = (n − 1) acon (H) + f con (H) .
Proof : Let a ∈ V (G). Also, let F a be a minimum forcing subset of S a . For each b = a, let A b be a minimum anti-convex set of H b . Then
is a minimum forcing subset of C a by theorem 2.10. Therefore, f con (C a ) = |T a | = (n − 1) acon (H) + f con (H) .
Accordingly, f con (G • H) = (n − 1) acon (H) + f con (H) .
